In this paper we consider the impact of both missing data and measurement errors on a longitudinal analysis of participation in higher education in Australia. We develop a general method for handling both discrete and continuous measurement errors that also allows for the incorporation of missing values and random effects in both binary and continuous response multilevel models. Measurement errors are allowed to be mutually dependent and their distribution may depend on further covariates. We show that our methodology works via two simple simulation studies. We then consider the impact of our measurement error assumptions on the analysis of the real dataset.
sampling Year 9 school students, with an average age 14.5 years, in Australian secondary schools and subsequently is following them up every year on a further 11 occasions (LSAY, 2013a) . Cumming and Goldstein (2016) studied year 9 predictors of the probability of being in full time or part time education six years after the study start at wave 6 of data collection (a binary response), when the students had a modal age of 20.5 years. The sample suffers attrition of just under 50% over this period, in addition to item missing data. The number of pupils available for analysis, after excluding those students with no wave 6 information is 6901 and the data has a 2 level structure with the pupils each belonging to one of 296 schools.
While Cumming et al. (2016) did account for attrition and missing data they did not allow for test score unreliability. Such unreliability is a general feature of educational tests and arises from several sources of variation including the choice (sampling) of test questions, conditions of test administration and short term fluctuations within students. Ecob and Goldstein (1983) provide a detailed discussion.
We describe the specific model for these data in a later section but now build up the modelling approach in stages while referring to earlier published work for many of the algorithm details.
Model specification
In an ideal scenario where we have no measurement errors and missing data then we will fit a binary response model to our indicator of educational attendance at wave 6 and relate this response to various predictor variables whilst also factoring in the 2 level structure via school level random effects. Our final model of interst will therefore be of the form:
Here, we have deliberately chosen to use a probit link function as opposed to a logistic regression since our modelling approach, that incorporates measurement errors and missing data, will be adapted from an approach used for normal response models using latent variable approaches (see examples later).
With this in mind we begin by considering a simpler example of how one can incorporate measurement errors in predictor variables into statistical models more generally by considering normal response models as the extension to other models will be straightforward.
So consider the linear regression model: Where we assume independent normal distributions for both the true values ( 1 ) and the measurement errors ( 1 ) and also assume that the measurement errors are independent of the true values of all predictors. Such a formulation is known as 'classical' measurement error modelling which is generally the approach used with observational data (see for example, .
We can therefore use our two model components (1) and (2) to form the complete model for the data ( , 1 , 1 , 2 ) = ( | 1 , 1 , 2 ) ( 1 , 1 , 2 )
Since 1 = 1 + 1 and we assume that 1 is independent of 1 , 2 and so that we can write the first term as
We can also decompose the second term as
where again using the formula for 1 and assuming independence of 1 and 2 we have
So that we have
Since 2 are all known data we can drop the final term in the above function.
The above expression corresponds to model (3a-3c) below:
The three components can be written as the full model:
We shall consider generalisations of our simple model in later sections.
As they stand (3a)-(3c) do not provide identifiability for the individual parameters. As is commonly done, the measurement error variance σ 1 2 is therefore assumed known so that (σ 2 2 , 2 , , ) are the parameters to be estimated. In our example data analysis we carry out sensitivity analysis on the measurement error variances using some assumed values derived from existing research, since little information is available for the actual data themselves. To complete the Bayesian formulation uniform priors are included for each of these four sets of parameters. In common with standard usage we define the reliability of the observed variable 1 as = 1 2 / 1 2 . Here we calculate 1 2 directly from the observed variable and then we can estimate 1 2 = 1 2 − σ 1 2 in other words the variability in the observed response not explained by measurement error.
We assume normality for purposes of exposition, but other distributional assumptions are possible with corresponding changes to the MCMC steps described. In particular we shall later deal with the binary case.
For a multilevel model the only change is that (3c) will incorporate random effects. Thus, for a variance components model with a single random effect (3c) would become
and extra steps to sample the , 2 are inserted (Goldstein, 2011 
MCMC estimation for a continuous predictor
Consider first the step in our algorithm where we propose a new true value, say 1 , for record , where for simplicity we assume that random effects are already incorporated in the response The joint log posterior from (3a), (3b) and (3c) is thus proportional to the sum of the following components:
where ̃= − .
When sampling a new value of 1 we use a Metropolis step and for a proposal distribution we suggest a form of independence sampler
where R is the reliability defined above. Model (3) is similar to the formulation by Richardson and Gilks (1993) where they have a 'gold standard validation' sample that provides the information associated with (3a).
For the case where we have more than 1 variable with measurement error we can propose the set of values defined using (3) for each variable separately or look at the joint proposal distribution:
where Ω 1 , Ω 1 are respectively the covariance matrices for the observed and true values (the 
Misclassification errors
We have demonstrated in section 4 a MCMC algorithm for estimating the true value of a continuous predictor that is measured with error. We next consider binary predictor variables where errors are often described as misclassifications rather than measurement errors. We will then discuss briefly the extension to multicategory predictors.
Consider the case where a new observed predictor variable 3 is binary with corresponding true value 3 . We now rewrite model (3) as
We shall choose f as the probit function for convenience to obtain a conditional normal distribution that therefore implies full multivariate normality, so that we can use the steps described in Section 4. We assume that all four of the are known fixed values, although again sensitivity analyses for different values can be carried out. Here we now have = [ 3 2 3 ] where for complete generality, for example in order to fit interactions, we include 3 = ( 3 , 2 ) and 2 are the variables that do not contain measurement errors as before.
The probit function can be written as
where ( ) is the standard normal distribution. We first sample, therefore, a set of latent normal variables, 3 * , according to the current values of 3 , for example, for a value of 1 we sample from the upper tail of this standard normal distribution and for value 0, the lower tail. Thus, we can now rewrite (5b) as the normal linear model
so that we can update the parameters in a standard MCMC step as for continuous predictors. We also note that here the 2~( 0,1), which is fixed by the probit function, and so we do not have a variance parameter to estimate.
To update the 3 , we carry out a Metropolis step so that if the existing value is 3 = 0 we propose a new value 3 =1 and vice versa. The joint likelihood contains the same component for (5c) as before in (3c). For (5a) with observed value 3 = and proposed true value 3 = , the component is simply . For (5b) for proposed true value b, we evaluate the probit function at current parameter values ( ), using (5d).
This can be readily extended to ordered categories and also unordered categories, using appropriate latent normal transformations (see ).
Measurement errors and misclassification errors
For the case where there are both measurement errors and binary misclassification errors we assume that these are independent of each other. It will also often be reasonable in applications to assume that the binary misclassification errors are mutually independent, as in the exposition below.
If we denote the misclassification error variables by the true values 3 , the joint distribution can now be written as
Thus, when updating 1 we use the equivalent to (3), namely
When updating each variable in 3 we now have four components for the likelihood, (7b) and (7c) above and additionally:
In (7e), for convenience, we may use a probit function for 3 , with assumed known values for the . We note that the decomposition (6) implies no dependence of 3 on 1 . Where the missclassification errors are not independent (7d) could be extended to incorporate the joint distribution of several binary variables.
Incorporating missing data values
Goldstein, Carpenter and Browne (2014) present a Bayesian MCMC algorithm for fitting models with missing covariate data values that extends the traditional joint modelling approach based upon multiple imputation. We can write a simple model with missing data on covariates as follows:
Here 1 now consists of those variables within X that have missing values and 2 those that don't. In the update step for the missing data, for each record where there are missing values we propose a new set 1 using a proposal distribution based on ( 1 | 2 ) and then perform a Metropolis step.
Thus the only real difference from the measurement error case is that, as seen in equation (3a) Formally, for a predictor variable with missing values, say ∈ ( ), we note that
and we have the additional step for the missing value conditional on the current true values.
The missing values are updated based upon the updated true values, using (8a) & (8b), and when updating a variable's true values, any imputed (true) missing values for this variable will be ignored. This is conveniently carried out by using the current (imputed) value in both the numerator and denominator of the Metropolis ratio so that it has no effect on the acceptance probability. In the simulations and example below, we first carry out, for each data record, a Metropolis step jointly for all the variables with measurement errors. Once the sampling for the true values has taken place the next step carries out imputation where there are missing values, one variable and one record at a time, conditioning on the current true values. This uses the algorithm described in Goldstein et al. (2014) .
In what follows we assume (Rubin, 1987) that data are missing completely at random (MCAR), or missing at random (MAR). By MAR is meant that it is randomly missing at least conditionally on all the observed values, that is the covariates and , where the latter conditioning is implicit since the full likelihood (6) contains the response as well as the covariates For missing not at random (MNAR)
we may be able to additionally condition on auxiliary variables, not in the model of interest, by incorporating them in (8b).
Simulations
The first simulation study illustrates a normal response model with a mixture of continuous measurement errors and misclassification errors.
Each simulated dataset was generated as follows: 
A sample of 1000 such records is generated.
A burn in of 250 iterations followed by 250 stored iterations was used with 100 simulated datasets.
The results are as follows in Table 1 .
( Table 1 here)
We see that biases are induced for all the predictors, including those without errors if we do not adjust for measurement error but including the measurement errors and misclassifications in the model removes these biases.
The second simulation study will consider the case of a binary response and includes both continuous measurement errors and data missing completely at random (MCAR). Each simulated dataset was generated as before, but with no misclassification errors: For 1 and 2 twenty percent of values were randomly assigned to be missing, so that on average 36% of records had at least one missing value.
The simulation model, omitting subscripts, is ~( , 1), = 0 + 1 + 2 + 3
For a binary response, the observed response is defined as
We fit the measurement error model described in (7a)- (7c) and (9b)- (9c) where the model of interest is now
Where we have ( ) = 0.74
The number of simulated datasets is 200 and three sample sizes are used; 500, 1000 and 4000. The estimates are given in Table 2 , along with the estimates resulting from making no adjustment for measurement error where there is no missing data.
( Table 2 here)
We see that biases are induced for all the predictors if we do not adjust for measurement error, with no missing data, with a large average downward bias of 7% for a sample size of 1000. The percentage bias of our procedure, averaged over the four fixed parameters, is 10.3% for a sample size of 500, 2.7% for a sample size of 1000 and 1.7% for a sample size of 4000. We see, therefore, that where we have both missing data and measurement errors there will remain biases for small samples. Further research into this would be welcome.
9. An example using student participation in higher education
We now return to the data that we described in section 3. Cumming and Goldstein (2016) analyse this dataset but considered only the case of missing data and ignored possible measurement errors, using the algorithm described by Goldstein et al. (2014) to obtain efficient parameter estimates. The first two columns of results in Table 3 replicate these analyses, pooling the two categories of nonGovernment school (Catholic, Private) that were treated separately by Cumming and Goldstein (2016) but in fact showed only a small and non-significant difference and so have been combined in our analysis.. The level 2 units are the year 9 schools, and Table 3 lists the predictor variables with full details given by Cumming and Goldstein (2016) . Note that the scale of the SES measures has been divided by 100 and the test scores divided by 10 to provide more significant figures for the coefficient estimates.
The specific model of interest is a 2-level model with a simple random effect at the school level, and is given by
where for clarity we now utilise the standard double subscript notation for a 2-level model. With 1 , 1 , 2 defined as in (3a)-(3c). Thus, in terms of our model 1 are the year 9 test scores having measurement errors and 2 consists of the remaining predictors without measurement errors. The model contains no discrete covariates with misclassification errors.
The year 9 test scores are each made up 20 binary items, but there appears to be no information about the associated reliabilities. We have therefore carried out a sensitivity analysis using values of 0.8 and 0.7 to study the effect of making adjustments for measurement errors. These values are typical of those found in educational test scores (see for example Feinstein et al. 2015, pp 351-358) . The correlation between the observed test scores at year 9 is approximately 0.5 and where the true correlation is zero this becomes the correlation between the measurement errors, and can be treated as an upper bound, and we use this value in our analysis. We have also fitted the model assuming a correlation of 0.25 between the measurement errors. The parameter estimates and their standard errors are very similar, as are the standard errors, so that the choice of correlation value is not crucial.
In the final two columns of Table 3 we show the results of adjusting for these reliabilities. We note first, that the principal gain in efficiency lies in moving from a complete case analysis to one that uses the full sample with missing data and in fact the additional adjustment for measurement errors generally increases the standard error estimates.. The actual parameter estimates, apart from Socio Economic Status (SES), do not change very much here. There is little change in any of the parameter estimates, except as expected, for the test score coefficients but also for SES, when moving from a model with a reliability of 0.8 to one of 0.7. For the SES of the mother this is reduced considerably moving from the complete case analysis to that assuming a reliability of 0.7 and adjusting for missing values, where the estimate is no longer statistically significant at 5%. Interestingly, the estimates for the other covariates associated with the response, appear relatively unaffected by either adjusting for missingness or measurement error. The sensitivity of SES effects to measurement error adjustment is also found in other studies (Feinstein et al., 2015 , Goldstein, 1979 and generally reduces the effects associated with SES. It is worth pointing out that these SES effects are conditional on year 9 test scores and these are themselves associated with SES. Since we do not have good estimates for the reliabilities, we cannot be very precise about the 'true' effects for SES. Further analyses exploring these data are currently under consideration. It does seem reasonable, however, ,to conclude that the coefficients for the remaining variables other than the test scores, are relatively unaffected by our adjustments.
( Table 3 here)
In Cumming and Goldstein (2016) it was concluded that the principal effect of adjusting for missing data was a gain in efficiency, with a small increase in the estimate of the difference between Government and non-Government schools, so that there were no important policy implications.
Adjusting additionally for measurement error, however, shows a marked reduction in the SES effects and this would seem to have more important implications for policy. As the debate in Feinstein et al. (2015) shows, in the UK the effect of SES on children's performance is a source of policy discussions. For example, if SES is found to be less 'important' as a result of improved modelling that takes account of measurement error, this would seem to have important implications for resource allocation policies. In our example and also in the data used in Feinstein et al. (2015) there were no good estimates of the sizes of measurement error variances and this suggests that more effort should routinely be devoted to obtaining good estimates for these.
Discussion
There has long been an awareness of the importance of taking account of measurement errors in observed data, but this is not a feature that is generally available in many software packages. One reason for this may be the complexity associated with available adjustment procedures, typically moment based ones. There has also been an awareness of the need to deal with missing data values, with rather more software available. In the present paper we have presented a fully Bayesian MCMC algorithm, currently using routines written in Matlab (Matlab 2007b), and to be incorporated into the StatJR software (Charlton et al., 2013) , that allows adjustments for both measurement errors and missing data. We demonstrate through simulations how our procedures remove biases associated with a failure to account for measurement errors and also how we can simultaneously adjust for measurement errors and missing data. We also describe how it can be used for quite general model structures, including multilevel generalised linear models. A note of caution is needed where we have both measurement errors and missing data where our simulations show that with small sample sizes positive biases may be induced in the parameter estimates. We also, in our example, point to the substantive importance of adjusting for measurement errors, where the low reliability of some predictor variables can have large effects on the resulting estimates, at least in the case of educational data, and we would surmise in other areas too.
There are a number of relatively straightforward extensions to the models proposed.
In addition to the implicit latent normal transformations for non-normal variables, we may wish to formulate the additive measurement error component of the joint model (3a) in terms of a transformed variable. Thus, for example, if the measurement error was multiplicative, we could then express (3a) in additive form by writing (3a-3c) as
where σ 1 2 is assumed known or derived from a known value of the variance of 1 . The formulation (16a) may be useful for skewed data such as income where a transformation may also help to ensure normality. We may also wish to use transformed values of 1 in (16b) or (16c) or both. We could also choose, for example, a gamma distribution for 1 with corresponding modifications to the likelihood and this would be a useful area for further research.
As in the case of jointly modelling variables with missing values we also can introduce auxiliary variables, say 3 , into (3b) to give 1 = 2 2 + 3 3 + 2
This allows us to deal with the case where, for example, 1 depends on such auxiliary variables that
are not in the model of interest, whereas the 2 are in the model of interest (see also Muff and Keller, 2015) .
As we showed in our example multilevel models, including those with cross classifications and multiple memberships, are readily incorporated by the addition of the relevant random effects into the model of interest (3c), together with the corresponding parameter sampling steps. In fact the example application in section 8 includes random effects.
For multivariate models (3c) becomes a multivariate model that is updated accordingly. Goldstein (2011, chapter 6) discusses the steps involved. Structural equation models can also be incorporated (Goldstein, 2011, chapter 8) .
Finally, in our example we illustrate the implications of properly allowing for measurement errors.
We also highlight the issue of providing good estimates for the distribution of measurement errors, 
